Abstract: Effect of geometric nonlinearity onfree vibration behaviour of a non-uniform in-plane inhomogeneousplate on elastic foundation is carried out with an emphasis on mode switching phenomenon. The formulation is semianalytic displacement based and it is carried out in two distinct steps. First, the static problem is solved to find out the unknown displacement field by using minimum total potential energy principle. Secondly, subsequent dynamic problem is set up as an eigenvalue problem on the basis of the known displacement field. The governing set of equations in dynamic problem is obtained by using Hamilton's principle. In static analysis, unknown co-efficient of the governing equations are solved using an iterative method, which is direct substitution with relaxation method. The dynamic problem is solved with the help of intrinsic Matlab solver. The results of the present method are validated with existing data. Backbone curve corresponding to different combinations of system parameters are presented in non-dimensional plane. Mode switching is observed to occur in certain specific situation. The linear and nonlinear mode shapes are also furnished to support the presence of switching phenomenon.
Introduction
Functionally graded materials (FGM) are emerging class of inhomogeneous materials that began its journey from the mid-eighties of the previous century in Japan. In FGMs continuous spatial variation of constituent materials is obtained in such a way that a combination of desired properties is achieved. For example, ceramics are suitable for hightemperature applications (due excellent thermal properties) but suffer from low toughness. On the other hand, metal can exhibit high toughness. So, in a metalceramic FGM, these two constituents can be mixed intelligently to raise the toughness of the combination to an appreciable level and as a result an inhomogeneous material with satisfactory thermo-mechanical properties is obtained. Smooth and continuous variation of material properties offer certain advantages over contemporary laminated composites. It is well known that delamination and cracks usually initiate at the interface between the laminates due to stress concentration and residual stresses generated because of abrupt variation in mechanical properties. By virtue of continuous material property variations such difficulties are eliminated in case of graded materials [1] .
Applications involving uneven distribution of mechanical, thermal or chemical loading are relevant to graded materials. As a classic example of such an application the outer skin of a space re-entry vehicle may be cited, where the material has to withstand elevated temperatures on one side along with high structural strength. FGM applications can also be found in various other engineering scenarios, such as, reinforced slabs, highways bridge decks, flight wings, ship hulls, aerospace structures and automobile components. Defence industries, electronics and bio-medical sectors also find extensive applications for these types of materials [1] . Hence, analysis of structural elements of FGM is an interesting and important subject of research, which has attracted and continues to attract the focus of researchers over the last few decades. It has been observed that various functionally graded structural elements (such as beams, plates, annular and sector plates, conical, cylindrical and doubly curved shells etc.) have been analysed with respect to their static and dynamic behaviours [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] under various conditions.
In a structural FGM, inhomogeneity can be present in single or multiple orthogonal directions, namely, transverse and/or in-plane directions. So, in case of a plate gradation may be along the thickness direction and/or along longitudinal directions. Investigationsinvolvingmaterial inhomogeneity in the thickness direction areabundant in literature. A thorough review of this domain is outside the scope of the present paper. But, a critical reviewon the recent research activity on the functionally graded plates was presented by Jha et al. [13] . An attempt was made in this article [13] to identify and highlight the most relevant topic to FGM and review the corresponding publications. In the following paragraph a few research papers relating to thickness-wise gradation are described in brief in order to set the backdrop of the present work.
An efficient mesh-free numerical approach was studied to analyse bending and free vibration of FG plates by Vu et al. [14] . The kinematics of plates was based on S-FSDT, which was four-variable refined plate theory.Static and free vibration analysis was performed on FGM plate by Bernardo et al. [15] . The methodology was based on a meshless method and a FEM approach. Liu et al. [16] performedstatic bending, free vibrationand buckling behaviour study of FGM plates. The formulation of the plate was based on isogeometric analysis and a simple quasi-3D hyperbolic shear deformation theory. An edge-based smoothed finite element method was proposed by NguyenXuan et al. [17] with stabilized discrete shear gap technique to analyse static bending, free vibrationand buckling behaviours of FGM plate. Static deflection and stress analysis of FGM plates was studied in details using third order shear deformation theory by Reddy [18] . Von Karman type of geometric nonlinearity was also considered.Bending and free vibrations analysis of FGM annular and circular micro-plates was conducted by Eshraghi et al. [19] under thermal loading condition. Modified couple stress theory was used for formulation and governing set of equations wasderived using Hamilton's principle. Buckling analysis of FGM plate was studied by Feldman and Aboudi [20] under uniaxial compression loading using classical plate theory. Ramu and Mohanty [21] performed same type of analysis on FGM plate but under uniaxial and biaxial compression load. Mantary and Monge [22] studied the buckling, free vibration and bending analysisbased on an optimized hyperbolic unified formulation of FGM sandwich plates.
Research work on in-plane material inhomogeneity is a relatively newer domain and only a few literatures are available in this regard. Chu et al. [23] proposed a meshfree free vibration analysis on in-plane inhomogeneous FGM plate using Hermite-type collocation method and the effect of material inhomogeneity on the natural frequencies and mode shapes were investigated. The authors [24] also used the same type of methodology on same type of inhomogeneous material to investigate the buckling behaviour of FGM plate. Yin et al. [25] investigated buckling and free vibration analysis of FGM plates considering inplane material inhomogeneity using an effective approach which was based on higher-order shear deformation theory and isogeometric analysis. The effects of material inhomogeneity, boundary conditions and length to thickness ratio on critical buckling loads and natural frequencies were studied. The authors [26] also formulated a rotation free isogeometric analysis on the basis of Kirchhoff-Love theory to investigate free vibration analysis and buckling behaviours of thin FGM plate with in-plane material inhomogeneity. Kumar et al. [27] carried out large amplitude free vibration study of non-uniform plates with in-plane material inhomogeneity. In this study plates with classical boundary conditions, such as clamped and simply supported, under uniformly distributed load were analysed to determine loaded natural frequencies of the system.Kumar et al. [28] performed forced vibration analysis on nonuniform FGM plate with in plane material inhomogeneity using energy principle. For that purpose, Hamilton's principle was used to derive the governing set of equations and Broyden method was utilized to solve the nonlinear equations. The effects of the harmonic excitation, taper parameter and gradation parameter were discussed.
Plates are widely known structural elements with variety ofengineering and industrial applications. Specifically, plates on elastic foundation can be considered as idealisation of various critical and frequently used load bearing components (for example, rail track, bridge decks, rigid pavements, mat and raft foundations etc.).Hence, static, dynamic and buckling behaviour of these componentsunder external loading thus becomes vital significance, and has received overwhelming attention for many years. Even now research in this field continues as some critical issues involving foundation type, methodology, involvement of various parameters and their corresponding influences are still worthy of investigation. A brief description of various research works dealing with plates resting on elastic foundation is provided in the following paragraph. However, it should be mentioned that in most cases the plates are graded in the transverse direction.
Kägo and Lellep [29] considered a stepped anisotropic plate which was resting on elastic foundation and studied the free vibration characteristics. The dependency of geometric parameters and physical properties on natural frequencies were also analysed. Li et al. [30] obtained analytical bending solutions of thin plates with free edges on elastic foundation. Foundation model was considered of Winkler type and a new sympletic superposition method was used to obtain the results. Kiani et al. [31] considered a doubly curvedFGM plate on Pasternak-type elastic foundation to investigate its static and dynamic behaviour. The equations of motion were derived by using modified Sanders shell theory and first order shear deformation theory. Yang et al. [32] obtained the theoretical solution of a plate with free edges rested on elastic foundation. The reciprocal theory was used to derive the solution of the taken problem. Voyiadjis et al. [33] focused to study the static behaviour of moderately thick plates on elastic foundation. For the solution purpose they used the Navier and Levy type semi-inverse methods and increasing influences of the transverse strain were shown on the plate behaviour. Yas and Aragh [34] worked on a continuous grading fiber-reinforced plate on elastic foundation and studied the free vibration characteristics based on the three-dimensional, linear and small strain elasticity theory. The foundation was considered here as Pasternak or two parameter type. Adineh and Kadkhodayan [35] conducted 3D thermo-elastic analysis for the first time of a FGM skew plate rested on elastic foundation and loaded under thermo-mechanical loading. Here, differential quadrature method was used to obtain the numerical results. Mukherjee and Dillard [36] analytically studied the cylindrical buckling behaviour of a plate subjected to uniaxial compression. The plate was also considered to be rested on incompressible, elastomeric foundation. Gao et al. [37] utilized an analytical computational scheme to study stability and dynamic characteristics of composite plate resting on Winkler-Pasternak elastic foundation and subjected to axial velocity. The compatibility equations were derived by using classical plate theory and VonKármán strain-displacement relation. The dynamic buckling equations were obtained by incorporating Galerkin method and Airy's stress function. To solve the non-linear equations numerically, fourth-order Runge-Kutta method was implemented. Akavci [38] studied buckling, dynamic and static analysis of a sandwich plate with simply supported edges on elastic foundation. The analysis was carried out by representing a new hyperbolic shear and normal deformation plate theory. The foundation model was considered to be Pasternak type. Hamilton's principle was utilized to derive the equations of motion and Navier technique was used to obtain closed form solutions.
From the extensive literature survey, it can be conclusively stated that FGM plates with in-plane material inhomogeneity is comparatively unexplored domain in comparison to its counterpart. Subsequently, it is also established that research papers on in-plane inhomogeneous plate on elastic foundation areextremely rare, although it might find some critical applications in future. For that reason it is decided to conduct the present study investigating free vibration analysis of non-uniform in-plane inhomogeneous plates on elastic foundation. It is well known that large amplitude free vibration behaviour, represented through backbone curves, is different from linear free vibration. Amplitude dependency of vibration frequencies is an important nonlinear feature, which is not exhibited in the linear case. Hence, backbone curve, which is the nonlinear frequency-vibration amplitude plot, should be dealt with in detail in order to understand the large amplitude behaviour of the system. A typical phenomenon that is sometimes observed in relation to backbone curves is mode switching, where backbone curves corresponding to two different modes intersect. Mode switching has been reported in literature for homogeneous plates [39] and stiffened plates [40, 41] with different boundary conditions, as well as shallow shells [42] . To the authors' knowledge such characteristic has not been reported in case in-plane inhomogeneous FGM plates. In the present work system parameters, such as boundary conditions, foundation stiffness, are varied to capture differences in large amplitude behaviour (backbone curves) of the system. Mode shape plots are also presented in order to support the observed variations.
Mathematical formulation
In the present study free vibrational analysis of a nonuniform in-plane inhomogeneous plate on elastic foundation is performed. Mathematical formulation of the selected problem is founded on displacement based semianalytical method, where,geometric nonlinearity in the system is taken into account considering nonlinear strain displacement relations. The governing equations are derived through utilizing variational form of energy principle. The formulation is developed in such a way that the system is equivalently assumed to vibrate about a statically deflected configuration. As a result the formulation can be subdivided into two distinct parts. First, the system is considered to be subjected to static transverse loading inducing large deflection. Minimum total potential energy principle is utilized to derive the nonlinear governing set of equations and a numerical iterative scheme with successive relaxation is employed to solve for the unknown displacement field. Once the static solution is obtained, in the second part of the formulation, the dynamic problem is introduced. Hamilton's principle is used to derive the governing set of equations on the basis of the known static displacement field the free vibration problem is solved as a standard Eigenvalue analysis. Hence, the calculated natural frequencies belong to the statically loaded configuration of the plate.
A non-uniform in-plane inhomogeneous plate is considered which is resting on elastic foundation as shown in Figure 1 (a). The length and breadth of the plate are a and b, respectively. The stiffness of the elastic foundation is considered as K f and the foundation is idealized as a set of parallel linear springs as shown in Figure 1 (b). The plate is loaded with uniformly distributed pressure type load of magnitude, q(x, y). The thickness of the plate, t(x), is varying linearly along the axial direction, whereas root thickness is taken as t 0 . Similarly, the gradation of the elastic modulus,E(x), and density, ρ(x), are considered in axial direction as shown in Figure 1 (c). In this case, the corresponding root values are E 0 and ρ 0 , respectively. It should be noted here that both tapering of the plate and material gradation is considered along only one coordinate (x) direction, while along the orthogonal direction (y) they are taken to be uniform or constant. However, the formulation is definitely capable of handling non-uniformity in thickness along either direction individually or in combination. Similarly, material gradation in two orthogonal directions can also be taken care of as long as they are expressible in terms of mathematical relations dependent on the coordinates.Formulation is performed entirely in normalizeddomain defined by normalizedcoordinate parameters, which are represented as ξ = x/a and as η = y/b. Numerical values of ξ and η vary from 0 to 1. The computational domain of the present study consists of a grid of computational points. In order to create this grid, points are generated along normalized ξ and η direction and constant ξ and constant η lines are drawn. Intersection points between these two sets of lines provide the computational reference points, where all displacement fields and their respective derivatives are evaluated.
For the present analysis four different types of boundary conditions are considered.It is well known that from three classic end conditions, i.e., clamped (C), simply supported (S) and free (F) ends, a total of 21 different boundary conditions can be derived. However, in the present paper only CCCF, CCFF, CCSF and SCSF boundaries are under consideration to limit the volume of the paper. These conditions are chosen in a manner so that at least one free (F) edge is present, while the other edges are combinations of simply supported (S) and clamped (C) ends. The notations used to denote the boundary conditions are four letters representing the individual end conditions sequentially starting with the edge along y-axis and proceeding counter-clockwise.
The present formulation considers large deflection induced due to geometric nonlinearity, which implies that effect of stretching of mid-plane of the plate must be incorporated besides the effect of pure bending.So, the total strain energy of the plate consists of strain energy of plate due to pure bending (U b ) and strain energy of plate due to stretching (Us). These strain energies can be expressed in terms of axial strains corresponding to bending and stretching and for the present analysis Von Karman type strain-displacements relations are considered. On the other hand, the foundation on which the plate rests gives rise to another component of strain energy (U f ). So, total 
The expression of U b , Us and U f of the system can be written as,
Potential energy due to external load (V) and kinetic energy (T) of the system can be expressed as,
where, w, u and v are assumed displacement fields in the transverse (w) and in plane (u and v) directions. τ is the time co-ordinate. In equations (2) and (4), parameters such as elastic modulus, density as well as cross-sectional area and moment of inertia appear within the integration sign to take care of the material gradation and tapering of the plate.
Static Analysis
As already mentioned previously, the present analysis is an approximate displacement based method and an important aspect is consideration of the displacement field.
The static displacement fields (w, u and v) are assumed as linear combinations of orthogonal admissible functions (φ, α, β) and unknown coefficients (d i ) as shown,
where, nw, nu and nv are number of orthogonal functions of the displacement field w, u and v respectively. It is important to note that φ, α, β are kinematically admissible functions, i.e. they satisfy the following conditions: continuous and differentiable within the domain and satisfy the boundary conditions. So, appropriate start functions for these sets must be chosen in such a manner that they comply with the flexural and membrane boundary conditions of the plate. Equation (5) clearly indicates that these functions are dependent on the two coordinate directions and they are obtained through the process described in the following paragraph. The first functions in these sets are known as the start function or basis and these 2D functions are derived dimensional (1D) functions corresponding to the two coordinate directions. For example, for a plate with SCSF end condition, the plate (2D) start function are generated from the ordered mortification of 1D start function of SS and CF in two normalized coordinate direction ξ and η, respectively. These 1-D start functions for transverse displacement are beam deflection functions derived from static deflection shape of the beam, corresponding to the boundary condition of the plate along the particular coordinate axis.The start functions for four different boundary conditions are shown in Table 1 . The higher order functions are generated from the start functions numerically by following Gram-Schmidt orthogonalization procedure [43] . Objective of the numerical implementation of Gram Schmidt orthogonalization scheme is to determine a set of orthogonal functions (admissible) in the interval 0 ≤ ξ , η ≤ 1, provided the first function of the set is known. Similarly, the functions for the in-plane boundary conditions are also obtained. In all the cases (including free ends) the start function is chosen to satisfy zero displacement condition at the edges of the plate. It should be pointed out that at the free end of the plate transverse displacements are unrestricted, but the in-plane boundary condition is immovable, i.e., in-plane displacements are restricted. 
The starting point for the static formulation is the minimum total potential energy principle, mathematically expressed in equation (6) . The governing set of equations is derived from the above-mentioned principle by substituting the appropriate energy functionals and approximate displacement fields.
The governing equation of the system in matrix form is represented in equation (7), where [K] is the stiffness matrix, {f } is the load vector, while {d} is the vector of unknown coefficients.
[K] {d} = {f }
Due to consideration of large deflection, along with the bending effect stretching effect is also present in the current formulation and the stiffness matrix can be broken up into three distinct parts. These parts are stiffness matrix due to bending
respectively. The form and individual elements of stiffness matrices and load vector are presented in Appendix 1. It can be observed from the stiffness matrix elements that certain terms in the stretching part of the matrix contain the unknown coefficients (d). This implies that the stiffness matrix has become a function of the undetermined parameters and hence equation (7) is undoubtedly nonlinear in nature. Approximate solution for the unknown coefficients (d i ) is obtained with the help of an iterative technique, known as direct substitution with successive relaxation. As with most general approximate techniques the method is dependent on an initial guess. At the end of the static analysis the displacement field corresponding to transverse load is completely known along with the deformed system stiffness.
Dynamic Analysis
To derive the governing set of equations in the dynamic analysis, Hamilton's principle is utilized, which is ex-pressed as,
Here, T is the kinetic energy of the system and U represents the strain energy of the system with respect to deflected configuration.U has the same expression as equations (1) and (2), while,kinetic energy (T) expression for the present system is furnished in equation (4) . In expression (8) potential of external forces (V) has been reduced to zero as a free vibration scenario is under consideration.
The assumed dynamic displacement fields, which are considered to be separable in space and time, are expressed by,
Here, the displacement field is made up of a spatial part, where, the kinematically admissible orthogonal functionsare identical to those considered in the static analysis, and a temporal part. However, in this expression, {d} represents a set of unknown parameters which are different from those considered in the static analysis. These unknown parameters denote the eigenvectors in matrix form and they represent the contribution of individual spatial functions on different vibration modes.Here, ω is the natural frequency of the system and τ is the time coordinate.Substituting the kinetic energy (T) and strain energy (U) expressions from equations (2) and (4) along with the approximate dynamic displacement fields from equations (9) into equation (8) (10) represents a standard eigenvalue problem and can be solved through usage of Matlab's intrinsic solver. Square root of the evaluated eigenvalues correspond to the natural frequencies of the system, whereas, eigenvectors corresponding to the eigenvalues are exploited to obtain mode shapes of the vibrating system.
Results and discussion
In the present article, geometric nonlinear free vibration analysis of non-uniform inhomogeneous plate resting on elastic foundation is carried out. The end conditions of the plate are selected in such a manner that at least two opposite edges of the plate are clamped (C) and free (F) end condition. So, herein the obtained end conditions areCCCF, CCFF, CCSF and SCSF respectively. These four different end conditions which are combinations among clamped (C), free (F) and simply supported (S), are selected for the present study. The start functions for these boundary conditions are mentioned in Table 1 . From these start functions higher order functions are generated following a numerical scheme. Number of orthogonal functions along a coordinate direction is selected as 5. Hence total number of functions corresponding to a particular displacement is 25 (5×5). Number of Gauss points (ng) along a coordinate direction is taken as 24 and hence, total number of computational points within the domain comes out to be 24×24.
The present paper employs an iterative numerical scheme to obtain solution of the nonlinear governing equations. It can be surmised that the output from this scheme is certain to be dependent on parameters, such as number of orthogonal functions, number of Gauss points etc. Hence, in order to ensure correctness of the obtained results with acceptable levels of accuracy, thorough convergence studies involving the relevant parameters are performed. The numbers quoted in the previous paragraph are outcomes from the convergence study undertakenand the results of the study are depicted in Figure 2 . An axially graded CCFF plate (with taper parameter and material gradation parameter of 0.5) on foundation (K f = 100) is analysed for maximum normalised deflection when subjected to uniformly distributed transverse load of 1 kPa. Figure 2 (a) and 2(b) show the convergence results for variation in number of orthogonal functions (along a coordinate direction) and number of Gauss points by indicating the change in normalized maximum deflection (wmax/t 0 ) of the system, respectively. The figures sufficiently justify choice of 5 orthogonal functions and 24 gauss points for the present analysis. However, it should be mentioned here that difference in wmax/t 0 values for nw/nu/nv = 5 and 6 is minimal, but there is considerable increase in compu- The plate in the present analysis is considered to be tapered one due to its wide application in the industry. The geometric dimensions of the plate for length and width are taken as, a = b = 0.4 m. Linear tapering of the thickness is considered in the axial direction according to the expression, t (ξ ) = to (1 − αξ ). Here, t 0 and taper parameter (α) are taken as 0.0025 m and 0.5 respectively. Effect of variation in taper parameter on the large amplitude vibration behaviour is kept outside the purview of the present study. The plate in the present analysis has inplane inhomogeneity as linear material property (i.e. elastic modulus and density) gradation is considered in the axial direction. For the present analysis, gradation along xaxis is expressed through the following relations: E (ξ ) = Eo (1 − βξ ) and ρ (ξ ) = ρo (1 − βξ ). Here, E 0 , ρ 0 and gradation parameter (β) are considered as 210 GPa, 7850 kg/m 3 and 0.5, respectively. It is to be pointed out that variation of gradation parameter is not included as part of the present study. Constant value of 0.3 for Poisson ratio (µ) is taken throughout the entire analysis.
In practical applications plates are seldom supported by classical boundary conditions. Either they are supported by elastic restrain at the end or rested on elastic foundation. To make the problem more realistic, the plate under consideration is assumed to be resting on an elastic foundation. Five different value of the non-dimensional foundation stiffness (
is consider here. They are 0, 10, 100, 1000 and 10000 respectively. Here, k f is dimensional value of stiffness and D = E 0 t [39] and Leissa [44] . Here, Ω is dimensional frequency. The system under consideration is homogeneous and uniform plate without elastic foundation.To comply with the system considered in those papers, the taper parameter (α) and gradation parameters (β) are equated to zero. Also, foundation spring stiffness (k f ) is also set to zero to neglect the effect of the elastic foundation. The comparison of linear dimensionless natural frequencies for first six modes is tabulated in Table 2 and it is evident that there is a good match between the different sets of results. As the focus of the present paper is on the backbone curves of the system, the same is also validated through comparisons with published results. Figure 3 presents the comparison of first four backbone curves for CCCC, CCCF and CCFF boundary conditions, respectively. It is to be pointed out that in Figure 3(a), i. e., in case of backbone curves for CCCC plate, 2 nd and 3 rd modes are overlapping each other and hence it apparently looks like only 3 curves are present. The figures show that there is satisfactory matching of the results to establish the validity of the present method, although for system with reduced complexity. Results for linear dimensionless natural frequency parameters for first four modes corresponding to different boundary conditions and foundation stiffness are presented in Table 3 . These results are generated for no load condition, i.e., the intensity of transverse uniformly distributed load is 0. As a result these results are equivalent to linear vibration frequencies. It is observed that for all the cases with the increase in stiffness of the foundation the natural frequency increases. This increment of frequency is due to the fact that stiffer foundation increases the over- all stiffness of the system. It is also observed that the rigidity of the plate edges and consequently the boundary conditions significantly affect the free vibration response. That's why the natural frequency in CCCF plate is highest and in CCFF plate is lowest for a fixed value of foundation stiffness.
Large amplitude vibration behaviour of the system is represented through backbone curves in a nondimensional plane, where the abscissa and ordinate are normalised frequency and normalised deflection, respectively. Nonlinear frequency (ω nl ) is normalised with respect to the fundamental frequency (ω 1 ) of the system, whereas, the normalised deflection is the ration of maximum deflection (wmax) to the root thickness of the plate (t 0 ).Although the results in the present paper are in a nondimensional plane, the dimensional values can be obtained with the help of data provided in Table 3 and the system (geometric, stiffness and material) parameter values. The effect of the boundary conditions of the plate on the backbone curves are shown in Figure 4 , where two separate plots are furnished to demonstrate the first four backbone curves at K f = 0. From the figures, it is observed that for a particular value of foundation stiffness, the backbone curves obtained in case of SCSF end condition have lesser slope and in the case of CCCF it is higher. This type of occurrence happens due to the reason that the rigidity of the plate edges and consequently the boundary conditions significantly affect the free vibration response.in general, all the backbone curves lean towards the right, which implies that with increase in deflection, the vibration frequencies increaseand it is referred to as hardening type nonlinearity. However, from these figures it is not clear whether any of the backbone curves corresponding to a particular boundary condition have intersection with another. In order to study this feature in detail backbone curves for different boundary conditions need to be plotted separately. It should also be mentioned that the backbone curves for the systems represented in the present paper have not been reported previously.
To detect the mode switching phenomenon, first four backbone curves are plotted in normalised frequencyamplitude plane for each boundary condition corresponding to four foundation stiffness parameter values [K f = 10, 100, 1000 and 10000]. Figure 5 it is clear that switching does not take place for low stiffness values, but at K f = 10000 mode switching takes place between backbone curves 2 and 3. It is also clearly visible that the fourth backbone curve has a broken and discontinuous appearance, which indicates that switching takes place between 4 th and 5 th mode as well.
Similarly, for CCFF plate, switching phenomenon is ob- served between backbone 3 and 4 at K f = 10000 as shown in Figure 6 . However, in Figure 7 , for CCSF boundary none of the situations considered clearly exhibit mode switching. But, the fourth backbone curve of the plate on foundation with K f = 10000 does show slight bend near the maximum normalised deflection of 2.0. This may be indicative of intersection between backbone 4 and 5 and requires further investigation. Finally, from Figure 8 it is observed that switching occurs between mode 2 and 3 at quite low normalized deflection for K f = 1000. At the highest value of stiffness parameter (K f = 10000) the fourth backbone curve has a sharp bend indicating switching between 4 th and 5 th backbone curves.
Whether mode switching takes place, the modes between which it occurs and the normalised amplitude at which switching happens is dependent on the system parameters, such as boundary conditions, stiffness parameter, gradation parameters etc. It can be definitely concluded from the furnished results that there is a higher chance of occurrence of mode switching phenomenon at higher stiffness parameter values. However, influence of the boundary conditions also needs to be acknowledged as it is observed that even for high foundation stiffness value (all other parameter values remaining same) there is apparently no switching for CCSF plate. Further detailed studies are necessary to find out how certain other parameters, such as taper and gradation parameters, effect the occurrence of this phenomenon. Mode shape plots can be used to reinforce the idea of mode switching between different modes. In the following figures (Figure 9 -12 ) mode shape plots for four vibration modes are presented for the plates with four different boundary conditions and a specific foundation stiffness parameter value.Mode shape plots for all the combinations of boundary condition and stiffness parameter are not presented in order to maintain the brevity of the paper. Instead, only significant situations of interest with respect to switching phenomenon are considered for mode shape results. For each mode of vibration, mode shapes, in terms of surface plots along with corresponding contour plots, are provided at linear (wmax/t 0 = 0 and nonlinear (wmax/t 0 ̸ = 0) frequencies.
As pointed out in previous paragraph, there is need for further investigation to ascertain whether switching takes place for CCSF plate with K f = 10000 (Figure 7) . So, this case is taken as an example and the mode shape plots are provided in Figure 9 . It is clear from the figures that linear and nonlinear mode shapes corresponding to a backbone curve without switching are similar. But slight variations in the shapes are apparent from the contour plots. This underlines the effect of vibration amplitude on the free vibration behaviour of the system. Interestingly, linear mode shape of the 4 th mode is drastically different from the nonlinear one. It indicates that there is indeed switching between the 4 th and 5 th backbone curves for CCSF plate. Figure 10 represents the linear and non-linear mode shape plots for CCFF plate at K f = 1000 and α, β = 0.5. As observed from Figure 6 there is clear indication of intersection between mode 3 and 4 and the fact is confirmed by interchanging of the linear and nonlinear mode shapes. It isobserved that the linear mode shape for mode 3 is similar to the nonlinear one of mode 4, whereas, the linear mode shape of mode 4 corresponds to nonlinear mode shape of mode 3. Figure 11 provides the relevant mode shape plots for in-plane inhomogeneous tapered plate with SCSF boundary condition having K f = 1000and α, β = 0.5. These mode shape results also support the occurrence of mode switching between 2 nd and 3 rd backbone curves as indicated by Figure 8 . Similar results corresponding to CCCF plate is also presented in Figure 12 .From the results it can be concluded that mode switching phenomenon for tapered plates with in-plane gradation is likely to occur at high values of foundation stiffness that render the entire system stiff.
Conclusion
The present paper studies the effect of geometric nonlinearity on free vibration behaviour of a non-uniform axially graded plate on elastic foundation. The main objective of the paper is to investigate the mode switching phenomenon for backbone curves with emphasis on variation of foundation stiffness and flexural boundary conditions. Four boundary conditions involving clamped, simply supported and free end has been considered. As part of the formulation, the elastic foundation is idealized as a set of parallel linear spring of constant stiffness. Mathematical formulation is based on energy principle and the problem is set up in two parts. First, a static large deflection problem is set up under uniformly distributed loading. Minimum total potential energy is employed to obtain the governing equations while substitution method with relaxation scheme is utilized to solve for the displacement field. Subsequently, the free vibration analysis is set up on the basis of deformed static field, thereby incorporating the large deformation effect. Hamilton's principle is used to obtain the standard eigenvalue problem. The methodology of the mathematical formulation is general in nature. It has enough flexibility to cope with other different type of elastic foundation, gradation pattern, taper pattern and boundary conditions as well. Results generated through present methodology are compared with previously published results and it is observed that the current results match satisfactorily with the established ones. The effect of elastic foundation and end conditions on free vibration behaviour is shown through natural frequencies and backbone curves. Mode switching has been observed for different combinations of boundary conditions and foundation stiffness. However, it is observed that switching occurs at high values of the stiffness parameter for all the boundaries considered. Mode shape surface plots with contours are also provided to confirm the occurrence of the above mentioned phenomenon. Moreover, the results documented in the present paper are capable of serving as benchmark results for axially graded plates. 
